Our aim is to rationally formulate a proper variational principle for dissipative (viscoplastic) solids in the presence of inertia forces. As a first step, a consistent linearization of the governing nonlinear partial differential equations (PDEs) is carried out. An additional set of complementary (adjoint) equations is then formed to recover an underlying variational structure for the augmented system of linearized balance laws. This makes it possible to introduce an incremental Lagrangian such that the linearized PDEs, including the complementary equations, become the Euler-Lagrange equations. Continuous groups of symmetries of the linearized PDEs are computed and an analysis is undertaken to identify the variational groups of symmetries of the linearized dissipative system. Application of Noether's theorem leads to the conservation laws (conserved currents) of motion corresponding to the variational symmetries. As a specific outcome, we exploit translational symmetries of the functional in the material space and recover, via Noether's theorem, an incremental J-integral for viscoplastic solids in the presence of inertia forces. Numerical demonstrations are provided through a two-dimensional plane strain numerical simulation of a compact tension specimen of annealed mild steel under dynamic loading.
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Introduction
A remarkable observation in defect mechanics by Eshelby [1] has been that the material force on a defect extremization problem in the standard variational setting [23] . Moreover, if one were also to add the kinetic power to the rate functional, the Euler-Lagrange equation would result in a pure divergence term, thus leading to no inertial forces in the equation of motion. Accordingly, the theory, as above, may at best be used for quasi-static cases alone. Finally, formulations used in [20, 21, [24] [25] [26] [27] [28] [29] require an explicit imposition of the second law-the positivity of dissipation, which is a non-holonomic constraint. Thus except for an a priori functional choice for the dissipation potential ensuring positivity [29] , it is not clear how Noether's theorem may generally be applied (e.g. in far-from-equilibrium cases) to compute the conserved quantities in this setting.
A proper variational formulation for general dissipative systems like viscoplastic solids in the realm of classical calculus could be greatly useful. In this context, the variational formulation proposed by Galley [30] for dissipative mechanical oscillators is of interest, as the author identifies the introduction of the complementary variable as a means of breaking the time symmetry. His work thus points to a pitfall in the classical Hamilton principle: it is applicable to systems satisfying prescribed conditions at both initial and final times, not just the initial condition. As a remedy, he incorporates an asymmetric potential through a doubling of variables, namely the original variables for the forward path in time and the complementary variables to describe the time-reversed path. While this enables a Lagrangian to be constructed for dissipative dynamical systems, the additional set of equations for the time-reversed variables is finally discarded based on the notion of a 'physical limit'. As a consequence, the conservation laws associated with variational symmetries of the Lagrangian do not allow for a quantification of the material forces.
We postulate that a quantification of the material forces in dissipative systems is possible in the Lagrangian variational framework by building on the basic idea of Bateman [9] and associating the complementary variables with the time-reversed path. Specifically, we explicate our proposal in the context of viscoplastic materials. Starting with a gradient viscoplasticity model [31] that describes the plastic strain evolution in the form of a PDE, the so-called 'macro' and 'micro' force balances, upon consistent linearization (which is itself one of the novel elements of this work), are considered as the dissipative set of governing forward PDEs (in time). The underlying variational structure is recovered by the introduction of an incremental Lagrangian. The construction of the incremental Lagrangian is predicated on a thermodynamic closure of the dissipative set of linearized PDEs by means of a complementary or adjoint set of PDEs. Noether's theorem, which is then applicable to the associated variational problem, is used to derive the corresponding conservation laws that involve Eshelby's energy-momentum tensors. As a specific outcome, an incremental J-integral is derived and numerically evaluated for a compact tension (CT) specimen under the plane strain condition. The proposed J-integral is then used to extract non-trivial information regarding the effect of plastic deformation on the energy release rate.
Gradient viscoplasticity
In this section, we provide a brief description of the gradient viscoplasticity model for isotropic solids undergoing small deformation plasticity. For details readers are referred to [31, 32] . We emphasize that the small deformation hypothesis is not central to our approach and may be readily generalized for the finite deformation case (see appendix A).
(a) Kinematics
Consider a deformable body whose reference configuration is an open set B with smooth boundary ∂B and closureB = B ∪ ∂B in the three-dimensional Euclidean space E 3 . For a simpler exposition, the non-Euclidean material space for the body is only assumed to have non-zero torsion (i.e. with zero curvature and zero non-metricity). In the context of metals, for instance, this allows only for dislocation-mediated plasticity. The displacement field at any instant of time t ∈ R + is given by u(., t) : B → R 3 . Our small deformation theory of plasticity is based on the displacement gradient field (∇u), also referred to as the distortion tensor, which admits the following additive decomposition [33] :
where H e is the elastic part of the distortion tensor associated with the stretching and rotation of the material structure while H p denotes the plastic part of the distortion tensor introduced to capture the evolution of defects (e.g. dislocations) in the material structure. Here (.) T denotes the transpose of a second-order tensor. E p is assumed to be deviatoric in line with the oft-used principle of plastic incompressibility. Plastic rotation is considered to be zero (i.e. dissipation due to plastic rotation is ignored) with the entire rotation assumed to be elastic. With these assumptions, the decomposition of the displacement gradient is recast as
The plastic strain E p essentially captures the history-dependent behaviour of plastic deformation, and the value of E p at a given instant of time is obtained by integrating the time history of the plastic strain rate (Ė p ),
The plastic strain rate tensor may be written in terms of its scalar measure (γ p ) and plastic flow direction (N p 
where( .) denotes the material time derivative of a field and . the norm of the second-order tensor. The equivalent plastic strain rateγ p is a strictly positive quantity by its definition given in equation (2.6). The integral ofγ p over a time interval gives the equivalent plastic strain (γ p )
The internal variable γ p is an additional field variable in the gradient viscoplasticity model along with the conventional displacement field u.
(b) Kinetics
One of the fundamental principles of mechanics is that the power expenditure for each independent kinematic field variable is expressible in terms of an associated force system. The internal forces, which are thermodynamically conjugate to the kinematic variables u , γ p and their derivatives, are introduced below.
(1) An elastic stress tensor σ that does work in stretching or rotating the material structure.
The internal force σ is the conventional symmetric Cauchy stress thermodynamically conjugate to the elastic part of the strain tensor (E e ) and related to the macroscopic traction by the following relation:
A vector micro-stress ξ and a scalar micro-stress π that together produce work during the evolution of defects (dislocations in our context) in the material structure. From a general thermodynamical perspective, these micro-stresses could be decomposed into energetic [31, 32] . In this study, we assume that ξ is thermodynamically conjugate to ∇γ p and has only an energetic contribution, while π is dissipative being thermodynamically conjugate toγ p . Similar to Cauchy's hypothesis for macroscopic traction, the following relation between the vector micro-stress ξ and the microscopic traction χ (n) is postulated:
The vector micro-stress ξ could be identified as the back stress responsible for the Bauschinger effect.
(c) Balance laws
As discussed in §2a,b, the gradient viscoplasticity model introduces an additional internal kinematic variable (γ p ) and the associated micro-stresses (π , ξ ) in addition to the conventional displacement field (u) and elastic Cauchy stress (σ ). Based on Newton's law, e.g. the rate of change of momentum equals the external force, the following local form of the macro-force balance is usually derived in the absence of external body forces:
As discussed in [32] , a local form of the microscopic force balance could also be derived based on the principle that the rate of change of momentum associated with the plastic deformation equals the forces arising as a consequence,
where l m is a length scale associated with the (fictive) mass of the micro-structural defects. Here, τ is the resolved shear stress in the direction of the plastic flow assumed to be of the form
The resolved shear stress τ acts as the driving force for the plastic flow.
(d) Constitutive relations
Based on the satisfaction of the first and second laws of thermodynamics under isothermal conditions, constitutive relations for the energetic and dissipative stresses have been proposed [31] . With the standard assumption of symmetry and positive definiteness of the elasticity tensor C, the macroscopic Cauchy stress tensor σ is given by
Introducing an energetic length scale l 1 , the vector micro-stress is expressed in terms of the thermodynamically conjugate kinematic variable through the following constitutive relation:
where S 0 is the initial yield strength of the material. A physical interpretation for the length scale l 1 in equation (2.14) could be found in [34, 35] . The following constitutive model for the dissipative scalar micro-stress is in accordance with the thermodynamic second law of non-negative entropy production and the experimental observations on strain and strain-rate hardening,
Here, f = 1 + (H 0 /S 0 )γ p denotes the linear hardening function; H 0 , ν 0 and m are, respectively, the hardening modulus, the reference strain rate and the rate sensitivity parameter. 
(e) Initial boundary value problem for viscoplasticity
We now pose the initial-cum-boundary-value problem for gradient viscoplasticity using kinematics, kinetics, balance laws and constitutive relations as discussed in previous sections. We adopt the hypothesis of co-directionality of the plastic flow with the deviatoric part of the stress tensor σ dev ,
Substitution of equation 2.16 in (2.12) affords an estimation of the resolved shear stress which drives the plastic flow,
Note that orthogonality between the volumetric and deviatoric parts of the stress tensor has been used to arrive at equation (2.17) . Employing equation (2.17) along with the kinematic description and constitutive relations (see §2a,d) in the macro-force (2.10) and micro-force (2.11) balances, we are led to the following nonlinear governing PDEs:
and
Equations (2.18) and (2.19) together with the initial and boundary conditions describe the initial boundary value problem in our viscoplastic model. Equation (2.18) is similar to the Navier equation of linear elasticity but with a memory term to capture the history dependency of the deformation due to plastic flow. Equation (2.19) is the dynamic flow rule for pressureindependent viscoplasticity.
Variational formulation
The initial boundary value problem described by equations (2.18) and (2.19) cannot be obtained using a variational formulation in the usual sense [6] [7] [8] . As a variational formulation provides non-trivial information about the system through the conserved integrals (currents), we aim at developing a variational formulation for the gradient viscoplasticity model. In doing so, it is convenient (and perhaps more informative) to deal with balance laws, and hence the Lagrangian, that are not history dependent. Accordingly, in order to get rid of the history-dependent term, we concentrate on linearizing the nonlinear PDEs (2.18) and (2.19) so as to construct an incremental variational problem. Alternatively, in lieu of γ p , one could also write the balance laws using state variables such as defect densities and directly construct the Lagrangian for the nonlinear balance laws without significant changes in the work to follow. For the present, corresponding to the linearized degrees of freedom, a set of complementary degrees of freedom are introduced. An incremental Lagrangian is constructed such that the linearized governing PDEs and their complementary set together become the Euler-Lagrange equations. Note that the incremental Lagrangian is valid only for small time increments t = t i+1 − t i 1.
(a) Linearization of gradient viscoplasticity
Given a configuration and the associated path taken by the dissipative system, the second term in equation (2.18) [36, 37] of the governing PDEs given by equations (2.18) and (2.19) leads to the following set of linearized equations which incrementally describe the viscoplastic material:
Here, σ 0 , ξ 0 , τ 0 and π 0 are the values of the stresses σ , ξ , τ and π evaluated at the configuration (u 0 , γ p 0 ). ., . is the inner product defined as A, B = tr(A t B) for any second-order tensors A and B. By C dev we denote the deviatoric part of the fourth-order elasticity tensor C defined as follows:
It is important to note that equations (3.1) and (3.2) are valid only over an infinitesimal neighbourhood of the configuration (u 0 , γ p 0 ) and the solution to these equations (i.e. (û,γ p )) describes the evolution of the system within that neighbourhood.
This consistent linearization, in its own right, is of interest as it provides a non-trivial understanding of the original nonlinear problem; for example, it facilitates bifurcation analysis to study shear banding instability [38, 39] in viscoplastic materials. However, our present study exploits the linearized set of PDEs only to develop an incremental variational formulation for the dissipative dynamic problem at hand.
(b) Complementary equations and incremental Lagrangian
In this section, the method to formulate an incremental Lagrangian for the incremental and complementary degrees of freedom is discussed. Letv andω p denote the complementary variables to the field variablesû andγ p , respectively. A functional is constructed by multiplying equations (3.1) and (3.2), respectively, withv andω p , leading up to the extremization problem The complementary set of equations above may be interpreted as evolving backwards in time so that the energy lost (dissipated) in the forward evolution of the original degrees of freedom is, in effect, absorbed by the backward evolution of the complementary variable. This regains the variational structure for the augmented system. The initial conditions of complementary PDEs (3.5) and (3.6) are determined based on the final conditions (as shown in figure 1 ) of the original system of PDEs given by equations (3.1) and (3.2). It is important to note that, while the solution of the original system of PDEs (herein their linearized counterparts) evolves in forward time depending on the initial condition, the complementary variables evolve acausally-as they should for the sake of thermodynamic closure. This does not affect the causality of the viscoplastic flow, as the two sets of equations are not coupled.
As the Euler-Lagrange equations remain unaltered by adding a null Lagrangian to the integrand in the action [40] , the variational principle could also be written as:
The incremental Lagrangian density L is identified as 
Incremental J-integral
Our interest here is to find the material (configurational) force related to the symmetry group in translation in the material space and thus derive the J-integral for the viscoplastic material. Indicial notations are used for the sake of a simpler presentation of the symmetry analysis. Let G denote the continuous group of transformations acting on the manifold M of independent variables (x, t) and dependent variables (û,v,γ p ,ω p ). The action of G on any element of M is denoted by g.(x, t,û,v,γ p ,ω p ) , where g ∈ G. The group action may be thought of as a local transformation acting on M. As G is a continuous group, any element in G can be represented using the exponentiation of elements infinitesimally close to the identity element in G, i.e. exponentiation of elements from the Lie algebra. The elements infinitesimally close to the identity element of G are referred to as the infinitesimal generators of G. The infinitesimal generator v of the continuous group G is given by As the dependency of the incremental Lagrangian L on the dependent variables is of maximum first order, the Lie group for the vector field v becomes a variational symmetry if it satisfies the following condition:
Here, pr 1 (v) denotes the first prolongation of the vector field v [40] . Following the standard procedure discussed in the last reference, the conservation laws associated with the infinitesimal generator v are given by and
where e i is the standard basis for the three-dimensional Euclidean space E 3 (i = 1, 2, 3) and the characteristics of the Euler-Lagrange equations are defined by x α = x α + k δ kα . Application of this group is associated with the following substitutions: ξ α = k δ kα ,τ = 0,â i = 0,b i = 0, φ = 0 and ϕ = 0, which lead to the following expressions for generalized forces and currents:
Here, C kα and c k may be identified as the Eshelby (energy-momentum) tensor and the pseudomomentum defined for the incremental variational problem. Thus, the incremental J-integral for the viscoplastic material is derivable as
where n α is the unit normal to the boundary Γ of the arbitrary subdomain Ω ⊂ B. By J k we denote the three scalar components of the J-integral: k = 1, 2, 3. The expressions for c k and C kα are explicitly evaluated using equations (3.8), (4.10) and (4.11), and
(4.14)
Numerical simulation
Using numerical computation of the proposed incremental J-integral for a CT specimen, we now highlight certain aspects of why a variational formulation could be important for viscoplastic materials. The CT specimen employed in the numerical simulation has dimensions 50 mm × 60 mm and thickness 25 mm with a stationary crack of length 27 mm, as shown in figure 2 . The stationary crack in the CT specimen is of the specific form of a blunt notch with notchtip radius 0.75 mm. In figure 2 , 'A' denotes the point of application of the load with only the horizontal displacement constrained and 'B' denotes the point where both the horizontal and vertical displacements are constrained. Finite-element simulation is carried out under plane strain conditions. Four-noded bilinear quadrilateral elements are used to discretize the governing PDEs. The material constituting the specimen is assumed to be annealed mild steel with the following properties: Young's modulus (E) = 210 GPa, mass density (ρ) = 7850 kg m −3 , Poisson's ratio (ν) = 0.3, initial yield strength (S 0 ) = 270 MPa and hardening modulus (H 0 ) = 500 MPa. Both of the length-scale parameters l 1 and l m are taken as 0.01 mm. The rate sensitivity parameter (m) and the reference strain rate (d 0 ) are chosen as 0.15 and 10 −4 s −1 , respectively. Numerical simulations are carried out for both quasi-static and dynamic cases. First, we have considered the quasi-static case, and the role of plastic deformation on the crack driving force for the stationary crack is investigated through the incremental J-integral, which may be interpreted as the incremental energy release rate associated with an incremental change in the configuration of the material space. The incremental J-integral has contributions from integrals along a path as well as the domain enclosed by the path (see equation (4.12) ). The inevitable presence of the domain integral (see equation (4.12) ) makes the incremental Jintegral path dependent. The path dependency is demonstrated in figure 3 away from the notch tip, a decrease in the value of J 1 is observed. This decreasing trend may be understood from the effect of the plastic deformation on the incremental J-integral. As we consider larger contours around the notch tip, the contribution of the plastic flow to J 1 increases, thereby reducing its value. From figure 3 , it is also observed that, for a path close to the notch tip (path 1), a linear increase of J 1 with crack mouth opening displacement occurs until plastic flow causes a reduction in the rate of increase. The point where the slope of the incremental J-integral curve becomes zero is the one where plastic flow starts dominating over elastic deformation. How the plastic zone near the notch tip is affected by the crack mouth opening displacement is shown in figure 4 . Figure 5 shows the contours of the equivalent plastic strain near the notch tip and at the back face. Fracture in ductile materials, as they undergo strain-rate hardening during viscoplastic deformation, is influenced by the strain rate as it significantly affects the fracture energy release rate. Accordingly, we explore the dependence of J 1 on the rate sensitivity parameter (m). As the equivalent plastic strain is a measure of the plastic flow, the way the rate sensitivity parameter affects the equivalent plastic strain near the notch tip is shown in figure 6 . For smaller m, the onset of plastic deformation near the notch tip occurs with a smaller crack mouth opening displacement and the equivalent plastic strain attains a higher value (for the same crack mouth opening displacement). As a result, for smaller m, the maximum of the incremental J-integral is reached for lesser crack mouth opening displacement. Note that, for different values of m, the incremental J-integral has the same value up to a crack mouth opening displacement within which the plastic flow is almost negligible ( figure 7) . Now, we demonstrate the effect of inertia on the incremental J-integral for viscoplastic deformation. Figure 8 shows the evolution of γ p with respect to the crack mouth opening displacement near the notch tip. As observed from the figure, the value of γ p is higher for the dynamic case than for the quasi-static case. A comparison of the computed integrals for the quasistatic and dynamic cases is shown in figure 9 . It is noted that the value of the incremental J-integral for a given path is less in the dynamic case. The difference may be attributed to the change in plastic flow (figure 8) owing to inertia. For the path near the notch tip (path 1) the difference is more prominent as the plastic flow near the notch tip is more for the dynamic case.
It is thus clear that the proposed incremental J-integral provides non-trivial physical insights into the phenomenon of plastic deformation as it affects the fracture process in ductile materials. 
Conclusion
A proper variational formulation, unlike that on a rate functional with non-holonomic constraints, enables the conserved currents to be identified and thus provides invaluable insight into the physics of a problem and the performance of the associated model. Of specific current interest has been the variational formulation for dynamically driven dissipative continua, e.g. viscoplastic materials, modelled through a continuum viscoplasticity theory that employs a PDE-based microforce balance in lieu of the conventional yield surface. To avoid the complications associated with history-dependent strain, our present focus has been on an incremental variational scheme, derivable based on an augmentation of the linearized balance laws with those in terms of the adjoint variables. The adjoint variables pertain to the time-reversed dynamics within a small time step and render the linearized augmented system conservative. The conserved currents are then found using a continuous group of symmetries of the incremental Lagrangian. evaluation of the incremental J-integral for a CT specimen reveals useful information, not directly available through the field variables, on how the progressive plastic deformation affects the free energy available for fracture. The augmented system dynamics could readily be adapted for computing the conserved integrals non-incrementally if the history-dependent term is avoided, e.g. by using models based on dislocation densities. It would also be of interest to extend this work for studying the role of plasticity in the context of a propagating crack; this might need to incorporate an additional damage model in the proposed variational set-up. More importantly, a proper enforcement of gauge invariance [11] on the Lagrangian may reveal a much richer structure of Eshelby's energymomentum complex than is currently known in the continuum mechanics of viscoplasticity and damage. distortion associated with the given state. The incremental equations describe the evolution of the incremental fields (φ,γ p ). To determine the incremental evolution equations, consider an incremental change in the given state of the body denoted by (ϕ 0 + φ, γ p0 + γ p ). The consequent change in the elastic distortion is given by where F p0 is the plastic distortion at time t 0 , D p is the symmetric part associated with the plastic part of the velocity gradient andF p is the plastic distortion tensor at time t = 0. As the superimposed incremental deformation is assumed small and the plastic distortion tensor is completely determined by the deformation history, the plastic distortion is assumed to remain unchanged. Using the definition of the directional derivative, the incremental elastic distortionF e is obtained asF e = ∇φF The elastic strain tensor is given by E e = The incremental elastic strain tensorÊ e in terms of the incremental elastic distortion tensor and the elastic distortion tensor is given asÊ e = 
